Abstract. The formulae for the RMS scattering angle given by small-angle multiplescattering theory are discussed and a correction to the standard Rossi formula is derived. Values of the correction factor are calculated for protons, a-particles and heavy ions; these results show that the correction is important for protons and a-particles but negligible for heavy ions with mass number 12-40. The values of the RMS scattering angle. and the RMS lateral displacement are calculated for a proton beam passing through water. For protons the correction for energy loss in thick targets is even more important.
Introduction --
We are studying the feasibility of tomography with charged particles, particularly protons, a -particles and heavy ions up to argon. An important ingredient of this work is an examination of the spatial resolution that can be achieved. The lateral spreading of the beam as it passes through a sample can be related to the RMS angle of deflection arising from multiple small-angle scattering. A simple formula for 8RMS has been given by Rossi and Greisen (1941) but it has been suggested that this formula needs a correction factor (Highland 1975) . Hanson (1978) has plotted such a correction factor for protons and has shown that it is not unimportant for proton tomography.
In this paper we present the key formulae and derive a correction factor which we use to calculate the lateral resolution of protons passing through water.
The theory of small-angle multiple scattering (Scott 1963 , Bethe 1953 ) yields two distribution functions-the function F(8, </>, t) which represents the number of particles scattered into the direction (8, </» after the beam has passed through a thickness t of material, and the projected-angle function Fp«/>, t) which represents the projections of F(8, </>, t) on to the x-z plane. The initial beam direction is taken to define the z .
direction. The calculation of these distribution functions requires the probability W(8, t) for a single scattering into a solid angle dO = 21T sin8 d8 in a thickness dt of material. In section 2 we discuss the treatment of W(8, t) and in section 3 we discuss the formulae for 8RMS extracted from multiple-scattering theory.
2. The single-scattering process I The simplest assumption is that the single-scattering probability can be represented by the Rutherford scattering formula W(8, t) = N(t)UR (8) ( 1) where uR (8) 
The effect of screening of the nuclear Coulomb potential by the atomic electrons can be taken into account using a screened potential of the form (Scott 1963) V(r)=:t:z(Zlr)e2/(rlro) (6) where the screening radius ro is frequently taken to be the Thomas-Fermi radius ro = 0.885 aoZ-l/3 = 0.885 hi mecaZI/3 (7) where a = e2/hc == 1/137 is the fine-structure constant and ao is the Bohr radius. For the Yukawa potential, which has /(rl ro) = exp -rl ro, the first Born approximation yields
where XO is the Born screening angle:
Xo= h/pro= 1.13a(mec/p)ZI/3.
--In these formulae the nucleus has been treated as a point charge. The finite size of the nucleus is expected to be significant at angles
IJN -hi prN
where rN is an estimate of the nuclear radius. For rN = 1.2 A1J3, where AN is the mass number of the nucleus, we have IJN-322(mec/p)ANI/3. (10) The numerical coefficient derived by Williams (1940) corresponds to rN =; 1.38 A1J3. Equation (4) can also be written in the form (Moliere 1947 (Moliere , 1948 W(IJ, t) df>. = 2x~(lJdlJ/ 1J4)q(lJ) 
where b is the impact parameter, I,'
and
; Small-angle multiple scattering and spatial resolution 463 relates Moliere's phase factor <I> to the phase shift 8/ found in partial wave treatments of the scattering (Bethe 1953) . The characteristic angle Xc is chosen so that the total probability of scattering through ~angle greater than Xc is unity. For a mixture of scatterers an average scattering probability can be defined as tW(8, t) = fo' W(8, I') dt ' (15) and the characteristic angle then becomes 
where R = 1.13 and is a constant for all Z. The Thomas-Fermi model is not accurate for light atoms because it is a statistical model. The possibility of inelastic collisions with electrons must also be taken into account (Fano 1954) . For this purpose it is convenient to separate the elastic and inelastic contributions to the cross-sections,
so that
where X~ is as given previously in equations (16) 
Thus q(8) in equation (11) is to be replaced by
which leads to the results
10g(x:e'/x:I)=~(Uinel-Ua) (26) Ua = log(0.1148 Z-2/3(R + 3.76111) (27) I Uinel = ~i~ (f_: du S(exp ~u) + 1-v).
i
Estimates of Uinel in the Thomas-Fermi model yield -5.8 for all Z while exact calculations for hydrogen yield -3.6 (Fano 1954) .
I I
For heavy incident particles these formulae for inelastic scattering cannot be used because of the limitation on the recoil energy Q that can be imparted to the recoiling electron. Equation (22) must be replaced by (Fano 1954) 2 )dQ Q{32 )
This yields ; I X~ 10gXa = 477"fo ~~N;(t')112(t')( logx:~ -kD;) (30) where -
'-
where 'Y = (1-(31-1/2. For a homogeneous sample with no energy loss, X~ is again given by equation (17) and log Xa is given by 10gXa ~N;Z~=~N;Zi(IOgx:~-kD;).
3. Multiple scattering Rossi and Greisen (1941) give the RMS scattering angle for multiple scattering when the energy loss can be neglected as
where E. = (477"/ a )1/2 meC2 and Xo is the radiation length (in units of mass per length1.
The definition of Xo used by Rossi is
and hence
A more accurate expression for the radiation length has been given by Tsai (1974) 
L;ad = log(1194 Z-2/3).
In Moliere's model of multiple scattering the RMS angle of the Gaussian part of the distribution is given by
where (Scott 1963 )
Hence, using equation (17), we have
We now follow K M Hanson (1978 and 1979, private communication) and define a correction to the Rossi RMS angle of the form 8RMs(C)=8RMs(Rossi) (l+e) Highland (1975) has investigated the angle 81/e, which is the angle at which the meas~red distribution falls to 1/ e of its value at 8 = 0, and is given by (Scott 1963) 81/e=X,,(1.007B-1.33)1/2.
This angle is preferred for examination of experimental data because it is least affected by the unmeasured tail of the distribution, and Highland (1975) suggests that it should be calculated from the formula 81/e = (17.5/ pfJc )(Pt/ Xo)1/2(1 + e') (48)
where a' and h' are constants, independent of p and z. Hungerford et al (1972) have derived a correction to 8RMS by applying a conversion factor from the laboratory to the centre-of-mass frame of reference. However, since all I integrals in multiple-scattering theory are of the form f sin 8 d8f W(8, t) dt and W(8, t) sin e d8 is invariant with respect to the frame of reference it is not easy to see the justification for their procedure.
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Calculations
Our ultimate aim is to calculate the lateral displacement of a beam of charged particles at various depths. This is given by
We first carried out a complete calculation in the Moliere (M) model, disregarding energy loss, i.e., calculating X~ from equation (17), X~lj from equation (19) with R = 1.13 for all Z, log Xa from equations (32) and (33) K M Hanson (1979, private communication) has recalculated X~I from equation (18) using the atomic form factors tabulated by Hubbell et a/ (1975) and has deduced values of Rj for each Z. He has also recalculated Lrad, L;ad, Xo and Uinel using the atomic form factors and incoherent scattering factors tabulated by Hubbell et a.l (1975) . These Table 1 for small fJ and large values of X = pt the maximum change is -9%. Since B -15 the difference between (JRMS and (Jl/~ is small in all cases. Typical behaviour of E as a function of ptj Xo is shown in figure 1 . It is clear that the simple formula (49) for E could not reproduce this behaviour over the whole range of fJ and for different absorbing materials. ,-' The RMS lateral displacement YRMS of a proton beam as it passes thr"Ough water has been calculated using equation (50) From these results, we conclude that it is necessary to include the correction E, i.e. to correct the Rossi formula for fiRMS, for protons and a -particles but not for heavy ions. The Moliere model is sufficiently accurate for the calculation of E and fiRMS.
For thick targets energy loss should be taken into account by using equations (16) and (30) instead of equations (17) and (33). Equations (16) and (30) can be rewritten-as--
I -X~ log X; = fa dt'x~(t') log X;(t'). These equations can be converted to integrals over the kinetic energy T of the form (Berger and Seltzer 1964) X~= fTodTIX~(T1)
where dE / dx is the stopping power, To is the initial kinetic energy and T is the kinetic __energy at thickness t. These formulae are reliable when the final energy is not near to zero. This condition is satisfied in a1l our examples.
Results for a proton beam at various energies passing through various thicknesses in water are given in table 5. Both Xc and Xa increase quite substantia1ly compared with the results for no energy loss, leading to an increase in B of only a few per cent and to a decrease in E of 10-30% depending on the energy and thickness. The large increase in Xc is reflected in the large increases in the values of 8RMS and y given in table 5 compared with those given in table 4. Thus for protons passing through thick targets it is essential to take energy loss into account rather accurately. It is also evident from tables 4 and 5 that spatial resolution in proton tomography will be poor for thick targets, as already noted by Hanson (1978) . The uncertainties in the values given in tables 4 and 5 are small. We estimate that, in the energy region of interest, uncertainties due to errors in measured values of stopping power of a single element and to departures from the Bragg rule should be less than 1 %. This will have a negligible effect on our calculations. Uncertainties of -10% in the mean residual energy T lead to a change in YRMS of -0.5%. Hence, provided that T does not fall below about 10 MeV, the results given by such calculations should be¥eIY reliable.
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Resume
Diffusions multiples selon des petits angles et resolution spatiale dans la tomographie avec des particules chargees. Les formules, donnees par la theorie de la diffusion multiple selon des petits angles, pour I'ecart type de I'angle de diffusion sont discutees et il en est deduit une correction de la formule standard de Rossi. Les valeurs du facteur correctif sont calculees pour des protons, des particules alpha et des ions lourds: ces resultats montrent que cette correction est importante pour les protons et les particules alpha, mais negligeable pour les ions lourds de nombre de masse compris entre 12 et 40. Nous avons calcule les valeurs de I'ecart-type de I'angle de diffusion et de I'ecart-type du deplacement lateral pour un faisceau de protons traversant de I'eau. Pour les protons,la correction de la perte d'energie a travers des cibles epaisses est encore ,:t plus importante. 
